Int. J. Solids Structures Vol. 34, No. 8, pp. 969-990, 1997
P © 1997 Elsevier Science Ltd
ergamon Printed in Great Britain. All rights reserved

0020-7683/97 $17.00 + .00
PI1: S0020-7683(96)00043-1

ON THE LOCALIZATION PROPERTIES OF
MULTIPLICATIVE HYPERELASTO-PLASTIC
CONTINUA WITH STRONG DISCONTINUITIES

P. STEINMANN

Institut fiir Baumechanik und Numerische Mechanik, Universitit Hannover,
D-30167 Hannover, Germany

R. LARSSON
Division of Solid Mechanics, Chalmers University of Technology, S-41296 Géteborg, Sweden

and

K. RUNESSON
Division of Solid Mechanics, Chalmers University of Technology, S-41296 Goteborg, Sweden

(Received 26 May 1995 ; in revised form 20 March 1996)

Abstract—The objective of this work is to examine the large strain localization properties of
hyperelasto-plastic materials which are based on the multiplicative decomposition of the deformation
gradient. Thereby, the case of strong discontinuities is investigated. To this end, first an explicit
expression for the spatial tangent operator is given, taking into account anisotropic as well as
nonassociated material behaviour. Then the structure of a regularized discontinuous velocity gradient
is elaborated and discussed in detail. Based on these two results, the localization condition is derived
with special emphasis on the loading conditions inside and outside an anticipated localization band.
Thereby, the intriguingly simple structure of the tangent operator, which resembles the structure of
the geometrically linear theory, is extensively exploited. This similarity carries over to the general
representation for the critical hardening modulus which is exemplified for isotropic materials. As a
result, analytical solutions are available under the assumption of small elastic strains, which is
justified for metals. Finally, examples are given for the special case of the associated von Mises flow
rule. To this end, the critical localization direction and the critical hardening modulus are inves-
tigated with respect to the amount of finite elastic strain within different modes of homogeneous
elasto-plastic deformations. © 1997, Elsevier Science Ltd. All rights reserved.

NOTATION
Material tensors defined in #,:
C=F-F right Cauchy—Green deformation
L=F'"1'F=F"'-F Lagrange velocity gradient
N material normal to surface d4 at X
L,=X F'=F'1F" 2. Piola—Kirchhoff stress
T=FZ =F-7vF' Mandel stress
Spatial tensors defined on #:
b=F-F left Cauchy—Green deformation
I=F-L-F'=F-F' Euler velocity gradient
B spatial normal to surface da at x
t=J'tn true traction
t,=Li"N nominal traction
t=FL,=FX%L,F Kirchhoff stress
Two point tensors defined on &, and 2 :
F deformation gradient with detF = J
L =%F=F"'1 1. Piola—Kirchhoff or nominal stress

Objects with a superposed bar (8) are ‘material’ tensors defined on the intermediate configuration A. Please
observe that we will denote by N the normal to yield condition d3® on # and not a normal to a surface.

Our notation employs the following dyadic products of second order tensors a and b when expressed in index
notation referred to a Cartesian co-ordinate system
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[a®bly, = [a];bly with [a®b]:c=afc:b] and c:[a®@b]=[a:c]b
[a® bl = [a]a[b], with [a®@bl:c=a-c'l’ and c:[a®b]=a'c'b

[a®blyw = [a]lufbl, with [a@®b]:c=a'¢'*b' and c:[a®@b]=b'"c'-a.

1. INTRODUCTION

A failure phenomenon, which is frequently observed in laboratory experiments as well as
in nature, is the localization of inelastic deformations within narrow bands. To investigate
such localization, which forms a precursor to fracture, is a challenging problem from the
viewpoints of constitutive modelling as well as of the choice of computational strategy.

The classical approach is to consider a band that is trapped between two material
surfaces, across which the material or the spatial velocity gradient is discontinuous (weak
discontinuity), Rice (1976), Thomas (1961), Rudnicki and Rice (1975). Analogous argu-
ments in the context of planar acceleration waves in solids are found in the early work of
Hadamard (1903) and in the contributions by Hill (1962) and Mandel (1962, 1966).
Moreover, the traditional analysis relies on the assumption of a linear comparison solid in
the sense of Hill (1958). Discontinuous bifurcation is then reflected by a singularity of the
spatial localization tensor. As an example, we refer to the small strain analysis of an
orthotropic yield condition by Steinmann et al. (1994). Within the context of quasi-static
boundary value problems, the first occurrence of the singularity of the localization tensor
is referred to as the loss of ellipticity, which is synonymous with the appearance of real
characteristics associated with governing equations of the hyperbolic type. Likewise, within
the context of dynamic initial boundary value problems, the singularity of the localization
tensor is connected with the loss of hyperbolicity.

The alternative, and kinematically more general, approach pursued in this paper is to
assume that the localization zone is the result of a regularized discontinuity in the nonlinear
deformation map, or displacement field, itself (strong discontinuity). Moreover, since no
linear comparison solid is assumed in this approach, different loading and unloading
scenarios are analysed with respect to localization. This results in a much broader interpret-
ation of the spectral properties of the localization tensor. So far in the literature, the
conditions for localization within this framework have been established merely for the small
strain approximation, e.g., Ottosen and Runesson (1991), and localization capturing FE-
strategies have been proposed by Larsson et al. (1993), Simo et al. (1993) and Larsson and
Runesson (1996), Larsson et al. (1996). It is emphasized that, as long as the necessary
conditions for the onser of localization are concerned, the difference between the two
approaches is quite subtle in practice, whereas the impact on the computational algorithm
may be significant. Therefore, the results of this work are useful for future numerical
developments.

For the constitutive framework, we elaborate in this paper on the concept of a reg-
ularized displacement discontinuity within the context of multiplicative hyperelasto-plastic
continua at large strains. Although the concept of a multiplicative decomposition of the
deformation gradient goes back to early works by Kroner (1960), Lee (1969), Teodosiu
and Sidoroff (1976) and Mandel (1972) it is not until the contributions by, e.g., Simo and
Ortiz (1985), Simo (1988), that it has won widespread acceptance over the more traditional
additive type hypoelasto-plastic models. The formulation and numerical treatment of muliti-
plicative hyperelasto-plasticity has progressed extensively in the recent works of Moran et
al. (1990), Cuitifio and Ortiz (1992), Simo (1992), Simo and Miehe (1992), Miehe and Stein
(1992), Miehe (1994). One significant advantage is that the formulation is based on the
sound thermodynamic principle of nonnegative energy dissipation. Micromechanically, the
multiplicative decomposition is strongly motivated by the kinematics of single crystals
where the deformation is decomposed into dislocation movement along fixed slip systems
followed by an elastic distorsion of the crystal lattice. Nevertheless, the multiplicative
decomposition is presently widely accepted as a general concept for large strain Ayperelasto-
plasticity of a broad class of materials.
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The paper is organised as follows : first, a summary is given of the major steps towards
the establishment of the so-called first Euler hyperelasto-plastic tangent operator, which is
used in the spatial setting for the constitutive relations. In passing, we note some new
observations concerning the structure of this tensor. Next, we introduce the concept of a
regularized strong discontinuity across a material surface attached to the body, i.e., con-
vecting with the deformation. Then we discuss the general localization condition in terms
of traction continuity, which is followed by an investigation of how elastic unloading vs
plastic loading will affect the localization assessment. For the sake of demonstration, we
establish explicit equations for the example of compressible Neo-Hooke hyperelasticity
coupled to arbitrary isotropic yield conditions, from which the critical hardening modulus
and the corresponding critical localization directions can be computed. In particular, we
show the remarkable result in the case of small elastic strains, which may be superimposed
on finite plastic deformations, that the analytical results obtained by Ottosen and Runesson
(1991) are directly applicable. Finally, the analysis of typical large strain examples of
uniaxial tension, pure and simple shear illustrate the theory.

2. BASIC STRESS RATES AND TANGENT OPERATORS

To set the stage for the subsequent developments, we briefly review some essential
relations of geometrically nonlinear continuum descriptions. As usual, the nonlinear defor-
mation map x = ¢(X) : £, > R® maps particle positions X in the reference configuration
A, to their actual position x in the deformed configuration %#. Then F = V,¢ with
J = detF > 0, denotes the deformation gradient defining a linear map of elements in the
tangent space T4, into elements of the tangent space 7#. The pertinent strain and stress
measures, that will be used subsequently, are summarized in the notations for brevity and
clarity. Here, we will mainly discuss some useful stress rates and the corresponding tangent
stiffness operators. Associated with the transformations between the reference and the
spatial configurations %, and %, i.e., from the pull-back operations applied to the Kirchhoff
stress outlined in the notations, we define the nonsymmetric nominal stress rate z, the
classical symmetric Oldroyd stress rate 7 and the nonsymmetric convective stress rates ¥in
the relations

{=%F' and £, =F'-%F' and T=F-¥-F. 1)

Thereby, using F =1-F and F~! = —F -1, the spatial stress rates expand into

o

$=t—11 and ¥ =t—1F—l7 and ¥ =1t —cI+I"1. )

Equivalently, by considering the relation between the traction vectors t, d4 = tda together
with the Nanson formula we obtain the rate format t,d4 = tda with t, = £{ N and
Jt = #-n. The introduced spatial stress rates are summarized in Table 1.

Next, we introduce the general structure of some useful fourth order tangent stiffness
operators for incrementally linear material behaviour. We will not consider incrementally
nonlinear materials such as the class of hypoplastic materials where the stress rates depend
nonlinearly on the velocity gradients. The tangent stiffness operators associated with the
nominal stress are the fourth order first Lagrange and Euler tangent operators %, and &,
respectively, which are defined through the relations

Table 1. Spatial rates of Kirchhoff stress

«Qu
I

= &, land1: &, = T with¥ = t'—7-F—1"7
' = & :land]: &, = ¥ with # = '—-I'
&,:landl: &y = t'witht' = '

‘= &y:landl: & = Fwith¥ =t — ¢ V41t
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Table 2. Euler tangent operators

Jz J] Jo JV
&, é, & -1®1 &—-IRt—t®I E—-1®1-1IQt
&, &+I1 &, -t QI E-1®7
&, &H+IRr+1QI 8 +1®1 & &+t RI-I®7
8y &+ IRt+IR & +IQr &—TRI+IQ1 &y
L =2:F and ¥=¢&,11 with & =[IQF: %, :[IQF]. 3)

Accordingly, the spatial tangent operators &, &, and &y are introduced as the definitions
¥=¢&,:1 and ¥ =8&,:1 and ¥ =&y:1 4

with the relation for example to &, easily derived from eqn 2
8,=6-1®1 and & =&, +1®1 and & =&, +IQ7. (5)

In order to summarize and interrelate the introduced spatial tangent stiffness operators we
refer to Table 2.

Remark

From eqn 5 and the properties of the dyadic product ®, which are pointed out in the
notations, we conclude that, for arbitrary second order tensors a, the following identities
hold

éy:a=a:& and a:8y=4&;:a.

Therefore, the operators &y and &, do not possess the property of a major symmetry, which
would manifest itself in invariance under the left or right action of a tensor a. This is in
contrast to the operators &, and &, as alluded to in Table 1. In the following section, this
fundamental observation will play an essential role in the interpretation of the symmetry
properties of the hyperelasto-plastic tangent operator. g

Remark
For a Cartesian co-ordinate system, the notation used in eqn 3 expands into

[[I—éF] LSS [IgFr]]iﬂd d F}N[zl]iNkPFIP U

Remark

The introduced tangent operators and transformations are general for incrementally
linear material behaviour. Hence, they are in particular valid for hypoelasticity, hyper-
elasticity, hypoelasto-plasticity (based on the additive decomposition of the spatial rate of
deformation 19) as well as for hyperelasto-plasticity (based on the multiplicative decompo-
sition of F). In the sequel of this work, we will restrict our considerations to the ther-
modynamically sound hyperelasto-plastic constitutive framework. O

3. HYPERELASTO-PLASTIC TANGENT OPERATOR

Within the context of hyperelasto-plasticity, the point of departure is the multiplicative
decomposition and the deformation gradient into an elastic and a plastic part
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F =F,"F,. (6)

For hyperelasticity, the free energy density ¥ per unit volume of the reference configuration
%, acts as a potential for the stress response. To this end, W is expressed in terms of F, and
a set of strainlike internal variables, that control the hardening (or softening). For our
purpose, it is sufficient to choose only one scalar internal variable x, which represents
isotropic hardening.

Taking into account the requirements of objectivity under rigid body motions super-
posed onto the current configuration, we thus assume that

¥ =9, k) with ¥F,x)=¥0Q F,x) YQeSO(®3), )
where SO(3) is the group of proper orthogonal transformations.

The Clausius—Duhem inequality may be expressed in terms of the first Piola—Kirchhoff
stress £ = 7-F.* and F,, defined on the plastic intermediate configuration %, as

l-¥ =% :I'F.]-¥ > 0. 8)

Upon introducing the decomposition of the Euler velocity gradient 1 into an elastic and a
plastic part

1=1L+1, with I,=FF;', 1,=F,L,F;' and L,=F, F;' ©

into eqn 8, and taking into account eqn 7, we obtain the hyperelastic part of the constitutive
law and the remaining dissipation inequality as

£ =0,% and D=T:L,+kk>0. (10)

The stress T on %, originally introduced by Mandel (1972) and subsequently employed by
e.g., Lubliner (1986) and Miehe (1994), and the drag stress K, which is the dissipative stress
that is thermodynamically conjugated to k, are given as

T=F-% and K= -9.V¥. (11)

For non-associated plasticity the structure of the dissipation inequality suggests a yield
condition ® and a flow rule in terms of the stress measure T

O=&T,K with 4y6=N and L, =im 3B [, =iN (12)

Equivalently, the evolution equation for the hardening variable x is given in terms of the
drag stress

Oo=&T K with 6,0=N and k=i %3 x=IN (13)

Hence, the special case of associated plasticity is obtained upon substituting M, M by N,
N, whereby the principle of maximum dissipation will be satisfied, see Mandel (1972)
Lubliner (1984, 1986), Miehe and Stein (1992) and Miehe (1994).

Remark
Plastic-loading and elastic-unloading conditions together with the requirement of con-
sistency are expressed as
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&T,K)<0 120 AT K=0 and Ad(T,K) =0. (14

For associated plasticity the loading—unloading conditions follow from the optimality
conditions that are implied by the principle of maximum dissipation. In terms of an
optimization problem with inequality constraints they represent the classical Kuhn-Tucker
complementary conditions. For non-associated plasticity the loading—unloading conditions
are postulated by merely considering physics. O

Interludium

It proves convenient to introduce the hyperelastic operators &%, &5, &5 and &% on %.
To demonstrate the similarity in structure of the hyperelastic operators with those shown
in Table 2, we give below the basic steps leading to these relations. From the transformations
between the intermediate and the spatial configuration # and %, i.c., from elastic pull-back
operations applied to the Kirchhoff stress, we define the elastic nominal rate ' together
with # and ¥ in the relations

£ =%-F and £ =F'-#F' and T=F-¥-F . (15)
Thereby, using ¥, = 1,°F, and F,"' = —F; ' -1, the elastic stress rates expand into
#¥=t—-7- and ¥ =%—7F—L-t and ¥=t—1L+L-1. (16)

The hyperelastic tangent operators £ and &% are then defined as

£ =%{:F, and ¥ =671 (17
with the relations for the hyperelastic fourth order tangent operators
P =02, ¥ and &' =[1QF: L7 IQF] (18)

Analogously to &, and &y in eqns 4 and 5, we introduce the Ayperelastic counterparts via
the relations

=8~ =8+1®1 and ¥ =8%:1,~8%=&/+IQ. (19)

In conclusion, it appears that the generic Euler tangent operators in Table 2 are valid for
hyperelastic behaviour if merely F, is substituted for F. O

We are now in the position to use the consistency condition in eqn 14, in standard
fashion

b=N:T+NKE=v:¥+NK with v=F, -N-F;! (20)

where we introduced ¥ from eqn 15; and v is the spatial equivalent, i.e., the mixed variant
push-forward, of N. Upon introducing the spatial format of the flow rule 1, = Ap together
with the hardening modulus H and considering the evolution equation k = AM in K = — Hx
and finally inserting these relations together with eqn 19, into eqn 20 we obtain

b=v:8J:1-h. with h=NHM+v:8¢:p and u=F, M-F. ' @1

In the case of plastic loading, we thus obtain from eqn 21, equivalently to the small strain
case, that ® = 0 renders the plastic multiplier 4 the value
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1
h=viEYil i vi8Y:>0. (22)

In order to establish the spatial form of the hyperelasto-plastic tangent stiffness operator,
we firstly consider the relation between the nominal and the elastic nominal rate of the
Kirchhoff stress # and # from eqn 16, and secondly incorporate eqn 17, into the resulting
expression. Consequently, the nominal stress rate in & follows as

Bl ¥ =80, -1 ~ ¥=87:1-187:p (23)

As a result we obtain the first Euler hyperelasto-plastic tangent operator in a remarkably
simple format

1
F%’I#@v:&{! with ¢ = &9:L (24)

v = 81—
Remark
The corresponding second Euler tangent operator is symmetric for the case of associated
flow rules, i.e., g = vand M = N, since v: &F = & :v. In fact, for H = 0 our result coincides
with the tangent operator for ideal multiplicative hyperelasto-plasticity which was first
derived, by a somewhat different line of argumentation, in Miehe (1994). Moreover, by
considering the relation

v:[@4—-&=1v—Vv-1
we conclude that the first Euler tangent operator may be expressed for the case of associated

flow rules in combination with an isotropic free energy function W and an isotropic yield
condition @ as

1 ) _
ET =& — Z&ﬁ’:v@v:é’z’ with h=HN*+v:&:v.
In this case v and T commute and we find that v: & = v: &¢. O
4. REGULARIZED DISCONTINUITY ACROSS MATERIAL SURFACE
As a preliminary to the subsequent discussion, consider the monotonic function

S(X) : R* - R defined on the reference configuration #,. The material surface Iy attached
to %, with unit normal N, as shown in Fig. 1, is then defined as

> BS \
B-
N

Iy

Fig. 1. Regularized discontinuity across material surface.
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SX)=0 and N=j;'V,S with j, = |VyS]. (25)
The surface subdivides %, into #; and #§ with the unit normal N pointing from %#; to

¢ . During the deformation x = ¢(X, ) the surface I'; and the unit normal N are convected
to the surface I" and the unit normal n in the spatial configuration # via the relations

s(%,0) = SX)op~' =0 and n=j“sz=]7(,)N-F“ with j=|V,s]. (26)

Since the surface I'; is assumed to be attached to %, its material time derivative is
S = 0, and the convective velocity ¢ of the spatial surface I' is given by ¢ = j~'d,s = —n*v
with v = ¢.

Let us, next, introduce a discontinuous displacement field u(X, ) that is spatiaily
smooth except across I';. We may then express this field as

u(X, 1) = u.(X, ) + Hg(X)[u(n)]. 27)

with u, the spatially continuous part. Moreover, H; is the Heaviside function centered on
Iy, and |[u]] is the jump of u across I',. This jump is assumed to be preserved along I'y in the
sense that [u] = const along I'y. Thereby, the jump [u] is defined as

[w@®] = lim [u(X, +eN, 7) —u(X, —&N, )] where X,eTl. (28)

The Heaviside function Hg on I'; is defined via the function H (e) as

0 iff Xed;
Hy(X) = H(S(X)) ={1 iff Xel, with H@y=1 ' <° 29)
= = 1 3 Wi ®) = .
s (X)) o W 1 V() =0
1 iff Xed:

To simplify notation we shall in the sequel omit the arguments of all field quantities if there
is no risk of confusion. It is noted that the deformation map ¢ is not unique along the
discontinuity surface I'y, since

¢ = X+u,+Hgu] = .+ HsJu] with ¢, =X+u, (30)

where ¢, denotes the continuous part of the total deformation map ¢. The corresponding
discontinuous velocity field is

@ =, + Hs[a]. 31)

In order to obtain the deformation gradient corresponding to ¢ in eqn 30, the scalar-valued
Dirac-delta distribution 65 on I'; is defined via the function d(e) as

0 iff Xedy
. : © V(e)=0
0s = 0(S(X)) =500 iff Xel, with d(e) = 0 Vi) %0 (32)
0 iff Xedf

Moreover, the vector-valued Dirac-delta distribution 85 and the Heaviside function Hg on
T, are related in a distributional sense by
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J (0)-85dV = J (o)-VXHSdV=J (0)-Nd4 V(e)e[C2(B)™®.  (33)

Iy

The last relation follows from integration by parts while taking into account the definition

of Hg and CF(%,). Therefore, the relation between d5 and Hg on I'y may be stated as the
functional identity

Vst = 65 Wlth Vst =j° 5SN‘ (34)

Since [u] is spatially constant along Iy, we may express the material deformation gradient
and its velocity, which are singular along the discontinuity surface, as

F = Fc +_]0 55[[“]] ® N and F = Fc +]0 53[[“]] ® N. (35)

Here, F, = V¢, and F, = V¢, denote the continuous contributions to F and F, respectively.

For a regularization of the singularity terms, we assume that two parallel surfaces
I'y and I'y with the same unit normal N surround a narrow band-shaped domain %3 of
width d, see Fig. 1. Thereby, J, is much smaller than a typical geometrical length scale of
the domain %,. Hence, we define

Qﬁ:{X=X0+£N >

P’) )
X, ey, ——29<s<—0}. (36)

We may now proposed the regularized Heaviside function H and Dirac-delta distribution
dgas

0 iff Xe&g

1
L. — iff Xed
Hy=3 5+5 iff Xe# and 6p=ifodo : Gn
° 0 iff X¢&
1 iff Xed

Moreover, the regularized vector-valued Dirac-delta distribution 8 is defined as

1
—N iff Xe#
5p =jo 0N ={00 (38)

0 iff X¢&

Thereby, the regularized vector valued Dirac-delta distribution satisfies the following
relation

J(o)-&RdV=6l.[ (o)-NdV—»J (®)-NdA for & — 0. (39)
#o 0 Ja#; Ty

This result holds also for a finite band width §, if we assume that the quantity (e) does not
vary across the band.

The regularized C’-continuous deformation ¢ together with the regularized dis-
placement and velocity fields are then expressed in terms of the regularized Heaviside
function H; as
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¢, =09 +Hyu] and w, =u +HgJu] and W, =i, +Hg[i]. (40)

It follows immediately that the regularized versions of F and F can be expressed as in eqn
35 by simply replacing d5 with d,

FoF +jo0z[u] ®N and F—F, +j,8[a] ®N. 1)

Subsequently, we consider the restriction to the band-shaped domain 4} to obtain the
regularized F, and F,, which are discontinuous, as

F,=Fc+5i[[u]]®N and F,=Fc+5l[[ﬁ]]®N. 42
0 (]

As the spatial counterpart of F,, we now consider the regularized spatial velocity gradient,
1, defined by

L, =F F' (43)

In order to obtain the structure of 1, we first evaluate F,' by direct application of the
Sherman-Morrison formula, which expresses the inverse of a regular second order tensor
with rank-one update, as

[UJ®@N-F.!

Fr_l =FC~1_
50+N‘|IU]]

with [U] =F:"-[u]. (44)

Here we introduced the contravariant pull-back [U] of the vector [u] with the continuous
portion of the regularized deformation gradient. Upon introducing the spatial thickness &
of the localization band via the relation jé = j, §,, we may also introduce the spatial normal
to the band via the relation

Jo _ N-F;!
==NF'=0—"—. 45
=7 0+ N-[U] (43)
We thus obtain the interesting representation for F, ! in comparison to F, as
, 1 1
F 7' =F; —5[[U]]®n A\ F,=FC+6—[[u]]®N. (46)
0

The regularized spatial velocity gradient 1, can now be derived in a straightforward fashion
and we obtain the representation of 1, in comparison to the material counterpart F, as

l,=lc+%[[ﬁ]]®n Vs F,=Fc+51~[[a]]®N. 47
[1)

It appears that the introduced rate [u] has the structure of a Lie derivative of [u] with
respect to the continuous part of the deformation gradient F_, since we have

[Ul=F"'“[u] » [U]=F"'-[a] with [a] = [a]-1-[u]. (48)

Remark

The classical localization analysis, see, e.g., Rice (1976), assumes continuity of the
deformation ¢ and its associated deformation gradient F = V,¢. Then the velocity field
may be discontinuous across I'y with singular material gradient. Accordingly, 4, and F, take
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on the same structure as in eqns 40 and 42. However, due to the continuity of F it follows
that 1, will be simplified, as compared to eqn 47, in the following fashion

. ' 1
L=F- F' with n=’7‘?N-F-1 w L =L+s[i]@n.

In the more general approach considered in this paper, onset of localization is defined by
[u] = o,ie., F, = F.=F, whereas [@] # o. This gives [i] = [&], and the classical approach
coincides with the general one at this particular moment.

In the sequel we shall employ the generic expressions for the regularized material and
spatial velocity gradients

X 1
F,=Fc+5—M®N and l,=lc+%m®n
0

with M = [a] and m = [@] or m = [a]. a

5. LOCALIZATION: GENERAL APPROACH

The key requirement for the possible development of a regularized strong discontinuity
is that the incremental equilibrium equation is spatially continuous across the band. This
implies that the traction vector is continuous across the band, which may be expressed in a
spatial format via the nominal traction rate as

o] o] o
tx) = txo) = f(x,). 49)

Here, we introduced the notation x_ = @(X_)e#~ and x, = ¢(X,)e#” such that

o o
X =Xo— 3D and x+=x0+§n with x, = Xy el (50)

We also note that, in addition to equilibrium continuity, F, and 1. coincide on both sides of
the band for é being a small measure, i.e.,

F.(X_) =F.(X,) =F(X,) and L(x_)=L(xo) =L(x,). (1)
Next, we use the definition of the nominal traction rate
t=J %¥n=["'&, :1]'n (52)

and insert 1. and I, to evaluate @b(xo) and ii = %(xi) inside and outside the band
o =] o l
t. = '€ (F):1]'n and &=t +[[J'&]:1] 0+ s 'aem. (53)

Here, we introduced the spatial localization tensor q = q(F,) as the contraction of the first
Euler tangent operator with the surface unit normal n to obtain

q=n"& 'n=n"&,'n+r,l (54

with &,, = &,,(F,) and 7, = n-t-n. Thereby, the contractions are performed with respect
to the second and fourth index of the fourth order tensors &, ,. The localization tensor q
will take on the values q,, or q,, depending on whether elastic or plastic loading takes place
inside the band. Moreover, we defined the jump in the tangent stiffness
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[J-'& ] =07 F)-J:"'&(F) (55

since &,(F,) and &,(F,) take, in general, different values in #* and %#° due to the difference
of F,and F..

From the traction continuity in eqn 49 we are now in the position to establish the
localization condition, or rather the admissibility condition for maintaining a regularized
strong discontinuity, in the spatial setting as follows :

[[J“&.]]:l,]'n+%J,“q-m=0. (56)

Remark

The localization tensor q is naturally decomposed into a material and a geometrical
contribution, which stems from the structure of the tangent operator &,. It is quite remark-
able that the geometrical part is expressed solely in terms of the normal stress 7, =n*t*n
acting on the discontinuity surface. This fact has not been pointed out in the literature so
far. O

6. LOCALIZATION : HYPERELASTICITY IN #° AND #-

For hyperelasticity, the only situation of interest is that the displacements are con-
tinuous across the boundaries of an anticipated band at the current state of deformation,
i.e., no band has developed so far. Then the hyperelastic tangent operator will take the
same value inside and outside the band

JI'EI(F)=J 8I(F) »~ [JT'E ] =0 (57

Upon introducing this result into in eqn 56, we obtain the condition for onset of a regularized
displacement discontinuity in a purely Ayperelastic material as follows

g m=0 » m#o if detq,=0 (58)

where q,; is the hyperelastic localization tensor. It may be noted that the width ¢ of the
band does not come into play. Moreover, according to eqn 54, q,, is symmetric since the
corresponding tangent operator & possesses major symmetries.

Remark
It is recalled that the Legendre-Hadamard condition, or the condition for strong
ellipticity, is

E®B: LY. [xa®B]>0 and [x®p:&:[a®@p} >0
for all vectors a, g and B, such that
[x®B]#0 and [a®p]#0 with B=p-F.

This is a sufficient requirement for hyperelastic materials to assure uniqueness of solutions
to boundary value problems, see Ogden (1984). Clearly, by identifying the vectors « and $
with the vectors m and n, the condition for strong ellipticity is recovered in terms of the
hyperelastic localization tensor as m*q,,-m > 0. Therefore, the possibility of a bifurcation
into a band-shaped mode is excluded for hyperelastic materials as long as the strong
ellipticity requirement is satisfied. J
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7. LOCALIZATION : HYPERELASTO-PLASTICITY IN #° AND £~

For hyperelasto-plasticity, the situation of primary interest is, again, that displacements
are continuous across the boundaries of an anticipated band at the current state of defor-
mation, i.e., no band has developed so far. We first consider the case of plastic loading
inside and outside the band, whereby the hyperelasto-plastic tangent operator takes the
same value inside and outside the band

JT'\EPF) =T ET(F) > [17'8 ] =0 (59)

Upon introducing this result into eqn 56, we obtain the condition for onset of a regularized
displacement discontinuity in a hyperelasto-plastic material as follows:

g, m=0 » m#o if detq,=0 (60)

where q,, is the hyperelasto-plastic localization tensor. Again, the width ¢ of the band
does not come into play. Moreover, according to eqn 54, q,, is symmetric as long as the
corresponding tangent operator &% possesses major symmetries.

Taking into account the structure of & in eqn 24, a general representation of the
corresponding q_, is

1
G =G~ 7 € ®e, with e, =[&:pl'n and e =[v:87]'n (3))

The explicit expression for the critical hardening modulus, for which q,, first becomes
singular, can be determined in a fashion that is quite similar to that of the geometrically
linear theory, see, e.g., Ottosen and Runesson (1991). To this end, we use the following
auxiliary result for the determinant of a second order tensor A, that is defined as the sum
of a regular second order tensor B and a rank-one update

A=B+ac®d » detA=detB[l+ad-B ' c].

The proof follows by using the definition of the determinant of a second order tensor in
terms of its invariants and exploiting the Cayley-Hamilton theorem. Hence, we obtain

1
detq,, = det qez[l A ! 'eu] (62)

from which we derive the critical hardening modulus H,,, rendering detq,, = 0, as
NH_,M = max (e, ‘q;'"e)—v:EY:p (63)

We conclude that no localization can occur as long as H > H,,.
Remark
Itisinteresting to interpret the preceding results in terms of the solution of the following

general right eigenvalue problem incorporating the hyperelastic localization tensor as a
metric

qep ‘L= wqel °zZ. (64)

The corresponding standard right eigenvalue problem is given by
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1
@' q,z=0z m [[l—w]I— ;qa‘ le. ® ev]] ‘z=o. (65)
With the lemma given above the characteristic equation follows straightforward
2 1 —1
[l—(U] [l_w]—zev.qel *€y =0 (66)
with solution for the eigenvalues

1
w =1, w,=1 and w; = l—zev-q,;l ‘e,. 67)

It is easily verified that the corresponding right eigenmodes follow from
ez, =0, €e-2,=0 and z;=q;' e, (68)

Observe the result for the determinant of the localization tensor detq,, = w;detq,,. O

8. LOCALIZATION : HYPERELASTO-PLASTICITY IN #°

Another possible loading situation within hyperelasto-plasticity is characterized by
plastic loading inside and elastic loading outside the anticipated band, while it is still assumed
that no band has developed so far. The tangent operator within the band will then get an
additional contribution due to the plastic loading condition in %° such that

1

J81(F) £ U7 8Y(F) and [J7'&]= T 5

& u@v: &L (69)

Upon introducing this result into eqn 56 we obtain the condition for onset of a regularized
displacement discontinuity as follows:

1
sqep ‘m=Ae,. (70)

Here, A, denotes the negative ‘plastic multiplier’, which reflects the elastic unloading con-
dition outside the band

1
Ac=zv:¢8’%’:lc<0. (71)

With the inverse of the elastoplastic localization tensor g, given as

-1, a1
qel ep®ev qel

(72)
h_ev 'qgl 'e/l

Q' =q;'+

we may solve for m in terms of the eigensolution [ws, z,] of q.,
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. gpel |
vyl _ Ao ve, <o (73)

1m z, with _
sm=7y Y=
0 ’ h—e, q;'"e, @3

Remark
For the present case, the localization condition contains the width J of the band.

Moreover, the magnitude y of the spatial jump m is driven by the continuous part 1. of the
spatial velocity gradient. O

9. LOCALIZATION ANALYSIS FOR ISOTROPIC MODELS

In this section we elaborate on the expression in eqn 63 in order to establish more
explicit representations that can be used towards an analytical evaluation of critical direc-
tions n,, and the corresponding critical hardening modulus H.,. For the sake of simplicity,
we make the significant restriction to isotropic hyperelasto-plastic materials. Then the flow
direction g, the normal to the yield surface v, the elastic Finger tensor b, and the Kirchhoff
stress t are coaxial, i.e., they commute.

First, as a generic model of hyperelasticity, we choose the isotropic compressible Neo—
Hooke material for which the free energy is formulated in terms of the first invariant
I, =F,F,, the Jacobi determinant J, = detF, and two material parameters G and L as

¥ =1G[I,-3]+U(J.) with U(J.)='LIn’J,—GJ,. (74)

Then, the spatial Kirchhoff stress tensor and the second Euler Ayperelastic tangent operator
follow as

t=Gpb,—I+LInJI and &Y=LI®I+2[G—LlnJ]s (75)

with .# = 1/2[I ® I+1 ® I] denoting the symmetric fourth order unit tensor. By noting that
n*.#n = 1/2[I+n ® n] and with 5} = n*b,*n we then compute

n-&in=[G+L1-nJ]|n®n+[G-LInJJI and t,=Gb—[G—LInJ,].
(76)

Hence, we obtain the hyperelastic spatial localization tensor q,, from eqn 54 as

4o = GhI+ [G+L1—nJ]|n@n. a7

For later use we compute the inverse of q,; in closed form by the Sherman-Morrison
formula as

Y G+L[1—InJ)]
Glbz+11+L[1-InJ,]

q;' = é [I—on®n] with (78)

Next we observe that, from the definitions of &% and &% in Table 2 in terms of &%, and due
to the assumption of isotropy, the following results hold :

& p=8%:p+2t-py and v:EL=v:89+2v 1. (79)

Incorporating the expressions for £ and 7 in eqn 75 and introducing the notation y; = p: 1
and v, = v:I for the first invariants of g and v, we obtain the key representations for the
subsequent derivations
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El:p=2Gb, p+Lu,I and v:EY =2Gv-b,+Lv,1 (80)
together with the quadratic form
viEY u=v:8 p=2G[v'b}:p+Lvp,. 8D
Moreover, we obtain the following expressions for the vectors e, and e,
e, =2Gb, pu'n+Lyn and e, =2Gb,'v-n+Lvn. (82)

We are now in the position to compute the critical hardening modulus H,, from the
optimization problem

NMH = Y b.]: L 83
2¢ Ho =maxYm)—[v-b]:p—o=vim. (#3)
To obtain this expression, we incorporated the inverse of the hyperelastic spatial localization
tensor in eqn 78 into the quadratic form e, q; ' - e, to render the nondimensional function

1
Y(ll) =Eev'q¢;l ‘€,

1 L
=E[2n'v'bf'p'n+[l—ex]-én'be'[,ulv+v1ﬂ]'n

n

LZ
—2a[mb,cv-nln-b, g n]+[l—a] —v . 84
[ Jin-b,pn)+[1~al > .ul] (84)
Then the critical direction n,, is given by the solution
n, = arg(mg.;l( Y(n)). (85)

It is remarkable that we retrieve the representation of the geometrically linear theory for
the assumption of small elastic strains, i.e., at the identity F, =I~b, =1 and 4 = 1.
Thereby, the amount of plastic straining does not appear explicitly in eqn 84 but is only
involved via the difference between the total and the elastic deformation gradient F, =

F. ' +F. On the other hand, in comparing the critical hardening modulus H,, from eqn 83
with the actual hardening modulus H(x), the amount of plastic strain will play an essential
role since it indirectly defines the hardening variable k. Due to the hyperelastic part of the
constitutive framework the elastic part b, of the total elasto-plastic straining is directly
responsible for the stress state which in turn determines the directions v and u. Thus, either
the stress state or the elastic strains could be told to be responsible for the solution n,, in
eqn 85. Thereby, the amount of the elastic part of the total elasto-plastic straining is
contained in the elastic Finger tensor which acts as a metric within the representation of
the function Y(n) in eqn 84. Analytical solutions with respect to the principal axes of general
stress states in the case of the geometrically linear theory were derived in Ottosen and
Runesson (1991), to whom we refer for a detailed discussion.

Remark
The pure hyperelastic localization tensor q,, becomes singular with eigendirection n as
soon as
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GBe+1]+L[1—-InJ] =0 w J, = exp(%[min(bf,)+1]+1).

On the other hand, the convex domain of this widely used compressible extension is known
to be limited by

G G
U'=0~J,= exp(Z + 1>< exp(z [min(65)+ 1]+ 1).

Thus, the first possibility for the onset of localization in the case of a mere hyperelastic
response is encountered when the domain of applicability of this constitutive model is
already exceeded. O

10. EXAMPLE: NEO-HOOKE/VON MISES MODEL

As an example we combine the isotropic compressible Neo—Hooke elastic model with
the isotropic von Mises yield condition with associated flow rules

® = |devT|—/2[Yo+K] = o—/2[ Yo +KI. (86)

In accordance with the rules of tensor analysis a covariant-contravariant representation of
the stress measure T results in a contravariant-covariant representation of the flow direction

devT -
e; "> v=y=% and N=M=\/§ with s=devt. (87)

N:M:

With v, = g, = 0 the nondimensional function Y(n), or rather ¥(n), for the determination
of the critical hardening modulus H., is given by

v _(P_2 _l . o —_ e . . 1 _l .
Y(n) =0 Y(n) = [n-e2-n—a(t)[n-e,-n)’] with e = Gb" s. (88)

Parametrized in the principal axes E, of the elastic Finger tensor b,, the function P(n) is
now expressed for a plane case in terms of the spatial angle

. 1 . n cosf
YO = p [ein? +eink — oa(b2)[en? +eynd)?]  with [n 111 ]: l:sin O:I_ (89)

n

The explicit solution for the extrema of ¥(6), as given by 6,Y(0) = 0, i.e.,
0, = arg (mgx bq (9)) (90)

is a fairly cumbersome expression. Although it can be readily obtained by a symbol
manipulating software, it is not displayed here.

In the following examples we investigate the possibility for the onset of localization
within a solid that is deforming homogeneously with elasto-plastic deformations according
to the isotropic von Mises model in eqn 86. As noted earlier, the effect of the elastic part
of the finite elasto-plastic straining, as contained in the elastic Finger tensor appearing
implicitly in eqn 90, makes the explicit analysis of the critical band orientation and the
corresponding critical hardening modulus cumbersome to carry out in practice. Hence, we
display the results from expression 90 for some simple stress states. To this end, we consider
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Fig. 2. Uniaxial extension : critical angle 6...

the critical band orientation 8., defined with respect to the principal axes E; of b, at the very
onset of localization. In particular, we study how 6, depends on the actual stress state
associated to the elasto-plastic deformation. Clearly, the actual stress state is determined
by the elastic part b, of the previous elasto-plastic straining. Therefore, it is not necessary
to know the amount of plastic straining for our purpose since it leaves the determination
of 6, and H,, unaffected. The actual plastic deformation F, is only needed to determine F,
from the given total deformation gradient F and to evaluate the actual hardening modulus
H(x). Here we shall assume that we know the elastic part b, of the elasto-plastic straining
and thus the actual stress state beforehand. Thereby, as discussed before, the stress is
connected by a one to one relation to b, due to the hyperelastic part of the constitutive
model. For the elastic constants contained in « as defined in eqn 78 we assume G = 80.19
GPa and L = 110.75 GPa. These values are typical for metals and have frequently been
employed in the literature on computational plasticity, see, e.g., Simo (1992).

Uniaxial tension

For the case of uniaxial tension, we assume that the elastic deformation gradient F,
within an elasto-plastic deformation is given with respect to a fixed co-ordinate system E,
as

Fe =YulE] ®E1+E2®E2+E3®E3 With 'y“,> 1 (91)

Clearly, the principal axes E; of b, coincide with E; in this case. The critical angle 8,, at the
possible onset of localization is plotted against the amount y,, in Fig. 2. It is noted that the
inclination of a possible localization band starts from an orientation of 41°, as predicted
by the small strain solution in Ottosen and Runesson (1991), and rotates with increasing
deformation into an orientation that is perpendicular to the direction of extension, thus
simulating a splitting tension failure type mode.

The critical hardening modulus H,,, as computed from egn 83, is displayed in Fig. 3.
Remarkably, H,, takes on-a negative value for small elastic deformations. At finite elastic
strains even a rather large positive H < H,, allows for the onset of localization, i.e., for the
academic case that the yield limit allows for the development of very high stress levels or
elastic strains, respectively, the onset of localization would be possible even if the material
hardens extremely.

Pure shear
For the case of pure shear. we assume that the elastic deformation gradient F, within
an elasto-plastic deformation is given with respect to a fixed co-ordinate system E; as
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F.=7,E, ®E, + V*‘Ez ®E,+E;®E; with y,>1. (92)
ps

Also, in this case, the principal axes E; of b, coincide with E,. The critical angle 6,, at the
possible onset of localization is plotted against the amount y,, in Fig. 4. It is noted that the
inclination of a possible localization band starts from an orientation of 0°, as predicted by
the small strain solution in Ottosen and Runesson (1991), and rotates with increasing
deformation into an orientation that is parallel to the direction of the major elastic principal
strain. It appears that in this case, the orientation of the band at the possible onset of
localization is convected with the deformation.

The critical hardening modulus H,,, as computed from eqn 83, is displayed in Fig. 5.
The small elastic strain solution in Ottosen and Runesson (1991) predicts H,, = 0. At finite
elastic strains even a tremendously large positive H < H_, allows for the onset of localization.
Thus, as in the previous example, the sensitivity with respect to the onser of localization is
increasing with elastic straining.

Simple shear
For the case of simple shear, we assume that the elastic deformation gradient F, within
an elasto-plastic deformation is given with respect to a fixed co-ordinate system E; as
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F,=I+7,E, QE, » b, = )’::Ex ®E, + —Z‘Ez ®RE,+E; Q E;. 93)

Yps

Expressed in Euler principal axes E, the associated elastic Finger tensor b, has the same
structure as for the case of pure shear in the previous example. The relation between y,, and
Vps 1S given as y, = y,,—7v,' = 0. Thus, for simple shear, the pure shear results in the
previous example have to be augmented by the rotation of the principal axes of b, to give
a representation in the fixed co-ordinate axes E,. Expressed in y,,, this correction is given
by 8 = arctan(2/y,,)/2, see, e.g., Ogden (1984). For the onset of localization the critical
angle 6,,+ 8 with respect to E, is plotted against the amount y,, in Fig. 6. The inclination of
a possible localization band starts from an orientation of 90°, as predicted by the small
strain solution in Ottosen and Runesson (1991), and rotates with increasing deformation
into an orientation of ~ 84°. Subsequently, the orientation of the band rotates back to very
large amounts of shear into an inclination that simulates a deck of cards solution. Clearly,
the critical hardening modulus H,, develops in accordance with Fig. 5.

Remark
For small elastic strains, i.e., at the identity F, = I»b, = I and b = 1 we retrieve the
solution of the geometrically linear theory in Ottosen and Runesson (1991)
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G+L

Y(0) = 2[vin? +vini—alvn? +vyni)?] with o= 2GTL

The critical angle 8., with respect to the principal axes of the Kirchhoff stress and the critical
hardening modulus H,, are then explicitly given by

2.2
0826, = [a' — 1] and Hc,=%Goc“[v,+v,,]2—-6Gv,v,,—3G.

vi—vu)
In the case of uniaxial tension with v;oc2/3, v,oc — 1/3 we obtain the classical result

. _ G26+3L) _
~0,~41° and H, = 4G+ 51.72 GPa.

1 G

cos 20, = 3C+L

Equivalently, the case of pure shear with v,oc 1, v;oc — 1 renders 8, =45°and H,, =0. [

11. SUMMARY AND CONCLUSION

In this work we examined the large strain localization properties of hyperelasto-plastic
materials which are based on the multiplicative decomposition of the deformation gradient
for the case of strong discontinuities.

First, we derived an explicit expression for the spatial hyperelasto-plastic tangent
operator for general anisotropic and nonassociated material behaviour. Thereby, the simple
structure of the hyperelasto-plastic tangent operator, which is formally achieved by intro-
ducing hyper-elastic tangent relations for the rate of the Kirchhoff stress, resembles the
structure of the geometrically linear theory.

Next, the regularized discontinuous spatial velocity gradient was derived and its inter-
esting structure in terms of a rank one update was discussed in detail. With this prerequisite
at hand, traction continuity in the spatial setting leads to the localization condition, or
rather the admissibility condition for maintaining a regularized strong discontinuity. The
exploitation of the particular structure of the tangent operator admits the localization
condition in a format entirely similar to the geometrically linear analysis. In particular,
special emphasis was placed on the loading conditions inside and outside an anticipated
localization band. Thereby, the scenarios of elastic-elastic unloading and plastic—plastic
loading render the classical localization condition in terms of a singular hyperelastic or
hyperelasto—plastic localization tensor, respectively. The alternative assumption of plastic
loading inside and elastic unloading outside the band requires a negative eigenvalue of the
hyperelasto-plastic localization tensor.

Finally, based on a general representation for isotropic materials, examples were given
for the case of associated von Mises flow rule. To this end, the critical localization direction
and the critical hardening modulus at the onset of localization were investigated with respect
to the amount of previous elastic straining or rather the actual stress state and compared
to the analytical results of a small elastic strain solution. It is intriguing, that the deter-
mination of the critical localization direction and the critical hardening modulus is entirely
unaffected by the amount of plastic straining. Moreover, the analysis of uniaxial extension,
pure and simple shear revealed that, at finite elastic strains, even a rather large positive
H < H,, allows for the onset of localization. Thereby, the corresponding spatial orientation
may considerably depart from the small elastic strain solution.

In conclusion, it is believed that this work clarified issues pertaining to the formulation
and analysis of strong discontinuities in the framework of hyperelasto-plastic materials at
large strains and forms an indispensable prerequisite to future numerical developments.
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